Abstract. In this paper we study the differential geometry of the complex indicatrix, which is approached as an embedded CR hypersurface of the punctual holomorphic tangent bundle of a complex Finsler space. Following the study of CR submanifolds of a Kähler manifold and using the submanifold formulae we investigate some properties of the complex indicatrix, such as the fact that it is an extrinsic hypersphere of the holomorphic tangent space. The fundamental equations of the indicatrix as a real submanifold of codimension 1 are also determined. Besides this, the CR-structure integrability is studied and the Levi form and characteristic direction of the complex indicatrix are given.
Introduction
In the differential geometry hypersurfaces of real and complex spaces have been investigated by many geometers. A significant role in the geometry of real Finsler spaces is played by the indicatrix, ( [3, 4, 10, 14, 19] , etc.), mainly because it is a compact and strictly convex set surrounding the origin. Moreover, it is the unit tangent sphere of the Finsler space and its connections with the real or complex unit sphere are analysed.
In the present paper, we will regard the indicatrix of a complex Finsler space as a real hypersurface in the holomorphic tangent bundle of a complex Finsler manifold (M, F ). The intrinsic properties of the indicatrix, as an embedded hypersurface in a complex space, will be studied using the holomorphic vector fields which are tangent to the indicatrix.
Firstly, in Section 1, we mention some fundamental notions of the complex Finsler geometry and we introduce the geometry of CR manifolds, since the complex indicatrix is a real hypersurface of a complex space, and thus, an embedded CR manifold. Then, in the second Section, considering a fixed point z 0 , we study the complex indicatrix as a CR hypersurface of the holomorphic tangent bundle in z 0 , which can be locally viewed as a Kähler manifold. The fundamental equations of the complex indicatrix in a fixed point will be obtained in Section 3 and in the fourth Section we analyse the integrability of the CR-structure by considering the characteristic direction of the complex indicatrix and its Levi form. Now, we will recall the concepts and terminology used in complex Finsler geometry, as in [1, 15] . Let M be an n dimensional complex manifold, dim C M = n, and z := (z k ), k = 1, .., n, the complex coordinates on a local chart (U, ϕ). The complexified form of the real tangent bundle T C M is expressed as the direct sum of holomorphic tangent bundle T M and its conjugate T M , i.e. T C M = T M ⊕ T M . The holomorphic tangent bundle T M is in its turn a 2n-dimensional complex manifold of local coordinates u := (z k , η k ), k = 1, .., n. ii. F (z, η) ≥ 0, the equality holds if and only if η = 0;
iii. F (z, λη) = |λ|F (z, η), ∀λ ∈ C;
iv. the Hermitian matrix g ij (z, η) is positive definite, where g ij = ∂ 2 L ∂η i ∂η j is the fundamental metric tensor, with L := F 2 .
The fourth condition is equivalent to the strong pseudoconvexity of the complex indicatrix in a fixed point I z M = {η | g ij (z, η)η iηj = 1}, for any z ∈ M . Moreover, the positivity of (g ij ) from this condition ensures the existence of the inverse (gj i ), with gj i g ik = δj k . Condition iii. expresses the homogeneity of the complex Lagrangian associated to the complex Finsler function, L, with respect to the complex norm L(z, λη) = λλL(z, η), ∀λ ∈ C, and by applying Euler's formula we get
An immediate consequence of the above homogeneity conditions concerns the Cartan complex tensors C ijk := ∂g ij ∂η k and C ijk := ∂g ij ∂η k , with
A first step in the study of geometric objects on the T M endowed with the Hermitian metric structure given by g ij represents the investigation of the sections of its complexified tangent bundle, A complex nonlinear connection, briefly (c.n.c.), is a supplementary complex subbundle to
the coefficients of the (c.n.c.), the horizontal distribution 
Take then the Chern-Finsler linear connection, which is locally given by the coefficients
from the homogeneity conditions (1) . The notion of Cauchy-Riemann structure, briefly (CR) structure, was introduced firstly in an attempt to describe intrinsically the property of being a real hypersurface in a complex space by studying the properties of holomorphic vector fields which are tangent to the hypersurface. So, a CR manifold is a differentiable manifold together with a CR structure, and it can be considered as an embedded CR manifold (hypersurfaces and edges of wedges in complex space) or an abstract CR manifold (given by the distributions of its tangent bundle).
The theory of Cauchy-Riemann (CR) submanifolds of an almost Hermitian or Kähler manifold was introduced by A. Bejancu ([5, 6, 7] ) and was generalized to the Finsler geometry by S. Dragomir ([11, 12] ). An n-dimensional real submanifoldM of the 2m-dimensional real almost Hermitian Finsler space (M, g), is said to be a CR submanifold if it carries a pair of complementary Finslerian distributions with respect to the restriction of g toM ,
⊥ , for each u ∈M . Here J is an almost complex structure onM and (T uM ) ⊥ is the normal space toM at u. ThusM is a CR-manifold endowed with a CR-structure of (p, n − 2p) type and D u is called the Levi distribution in u.
We call the CR-submanifoldM to be invariant or complex if 2p = n, antiinvariant if p = 0 and proper if it is neither holomorphic nor complex. Any real hypersurfaceM of M is a CR submanifold, where we define
The complex indicatrix as a CR hypersurface
Considering a complex Finsler manifold (M, F ), we denote by T z M the corresponding holomorphic tangent space of M and by F z the Finsler metric in an arbitrary fixed point z ∈ M . Then, (T z M, F z ) can be regarded as a complex Minkowski space, with the complex coordinate system η = (
As usual in Hermitian geometry we extend g to a complex bilinear form G on
and is given by:
According to [15] , p.12, a linear connection on M extends by linearity to T C M, which is isomorphic to V C (T M ) via vertical lift. We require ∇ to be a compatible complex connection with respect to J, i.e. ∇J = 0, such that ∇ conserves the holomorphic tangent space. Here by J we have denoted the natural complex structure
We can choose ∇ to be the Levi-Civita connection, which is a metrical and symmetric connection and using (2) we get the following components:
Since Γ ī jk = Γī jk = 0, it implies that the Levi-Civita connection is Hermitian, and has only the following non-zero coefficients:
Taking into consideration that the Levi-Civita connection considered above is equivalent to the linear Chern connection on π
, where π : T M → M is the natural projection, and since
For a fixed point z on M , the unit sphere in (T z M, F z ) is the complex indicatrix in z and is defined as:
Since the Hermitian matrix g ij (z, η) is positive definite, we get that L = F 2 is convex and I z M is a strictly pseudoconvex submanifold. Considering that we have only one defining equation which makes use of the real valued Finsler function F , the indicatrix I z M is a real hypersurface of the punctured holomorphic tangent bundle, thus a CR hypersurface in T z M , for any fixed point z ∈ M . Let (u 1 , ..., u 2n−1 ) be local real coordinates on I z M and let
be the equations of inclusion i :
which can be equivalently written as
∂F ∂η j by using the following relations
Since F (z, η(u)) = 1, we get that L(z, η(u)) = 1, which yields by derivation to
Considering the inclusion map i, its tangent map i * :
Note that X α is still a tangent vector of the indicatrix, but expressed in terms of tangent vectors of the complexified tangent bundle of T M . Then, from (6), we can set (cf. [12] )
Thus we obtain that G R (X α , N ) = 0, where G R represents the Riemannian metric applied to real vector fields and is given by
where X and Y are the holomorphic part and, respectively, the anti-holomorphic part of tangent vectors X and Y of the complexified tangent bundle of T M , obtained by
Consequently N ∈ T R (I z M ) ⊥ , so that N is the normal vector of the indicatrix bundle. Also, the normal vector has unit length, i.e. G R (N, N ) = 1.
Remark. A similar result with respect to the normal vector of the complex indicatrix was obtained in [20] by considering the holomorphic tangent bundle in a fixed point T z M as a 2n-dimensional vector space V R , via the diffeomorphism I :
Then, g induces a Riemannian metric on V R \{0}, which is defined by
where Re(τ ) = 1 2 (τ +τ ), for any given form τ ∈ A p,q (M ). To obtain the form of the normal of the indicatrix 
where we used g jk ηk = ∂L ∂η j (and its conjugate). Hence,
is the normal vector to the indicatrix, which expressed in terms of
Now, considering that complex indicatrix is a CR hypersurface of the holomorphic tangent bundle T z M , we can apply the theory of submanifolds. If we denote the induced Levi-Civita connection by∇, we can determine the Gauss-Weingarten formulae as follows:
is the F(T z M )-bilinear shape operator (or Weingarten operator ) of the indicatrix hypersurface. Since T R (I z M ) ⊥ = span{N }, these maps are defined by the following set of coefficients h αβ , A α β , regarded as:
The Riemannian metric on T z M and the induced metric on the indicatrix will be denoted by the same symbol G R , given in (8). If we denote B 
α Bj β ).
Using this Proposition and relations
Proposition 2.2. The coefficients of the second fundamental form and Weingarten operator of the complex indicatrix are given by
Moreover, one can notice that
and thus, the Weingarten formula becomes
Now, using Proposition 2.1, it follows that
Considering that T z M is endowed with the Riemannian metric G R and the linear Levi-Civita connection ∇ metric with respect to G R , i.e. ∇G R = 0, between the second fundamental form and the shape operator of any of the indicatrix hypersurface I z M can be established the following relation
and using (14), we get Proposition 2.3. The coefficients of the second fundamental form of the complex indicatrix satisfy
Corollary 2.4. The second fundamental form relative to the second fundamental form is symmetric, i.e. its local coefficients satisfy h αβ = h βα .
A CR submanifold is said to be totally geodesic if h(X, Y ) = 0 for any of its tangent vectors X, Y (cf. [7] ). Thus, from the last Proposition it is obtained that the complex indicatrix is not a totally geodesic hypersurface of the holomorphic tangent bundle T z M . Also, in [7] , we find that a submanifoldM is totally umbilical if the first and the second fundamental forms are proportional, i.e.
where H is a normal vector field, named the field of curvature vectors. If we consider now in this formula the case of the tangent vectors of the complex indicatrix, X α and X β , and compare with the result from Proposition 2.3, we obtain the following theorem. Remark 2.6. This Theorem, together with (14) , verifies the equivalent totally umbilical condition for the complex indicatrix, as A N X α = G R (N, H)X α , for any tangent vector X α , normal vector N and Hermitian metric G R .
In the Riemannian theory, a submanifoldM of a Riemannian manifold M is said to be an extrinsic sphere if it is totally umbilical and it has non-zero parallel mean curvature vector (cf. Nomizu-Yano [17] ). Many of the basic results concerning extrinsic spheres in Riemannian and Kählerian geometry were obtained by B.Y.Chen ( [9, 8] ). LetM be an orientable hypersurface in a Kähler manifold M . ThenM is an extrinsic hypersphere of M , if h(X, Y ) = Hg(X, Y ) is satisfied for any X, Y vector fields onM . Here H denotes the mean curvature vector field ofM and its norm is a non zero constant function on the extrinsic hypersphereM . So, considering this definition and the result from Proposition 2.3 we obtain a result which can be found in ( [12] ) as well: Theorem 2.7. Let (M, F ) be a complex Finsler manifold and z ∈ M an arbitrary fixed point. Then T z M is a Kähler manifold and I z M = {η ∈ T z M : F (z, η) = 1} is an extrinsic hypersphere of T z M .
The fundamental equations of the indicatrix
In order to introduce the fundamental equations of the complex indicatrix, i.e. the Gauss, Codazzi and Ricci equations on the indicatrix hypersurface, we consider∇ and ∇ ⊥ , the induced tangent and normal connection on I z M of the Levi-Civita connection of T z M , as above. To get a link between curvatures R(X, Y )Z of ∇ connection andR(X, Y )Z of∇ connection, for X, Y, Z ∈ Γ(T R (I z M )) we act similarly as in [16, 18] .
Firstly, the covariant derivative of the second fundamental form is being defined as (
and using (12), we get:
Considering the curvature and torsion definitions
and by applying the Gauss-Weingarten formulae (10) and (11), we get:
whereT (X, Y ) is the torsion of the induced tangent connection∇. Since ∇ is the Levi-Civita connection, it is torsion free, and using the symmetry of the second fundamental form, from Corollary 2.4, it implies that the induced connection∇ is also torsion free, i.e.T ≡ 0. Equating the tangent and the normal component with the help of the metric structure G R from (8), we obtain
for any X, Y, Z, U ∈ Γ(T R (I z M )). Relations (16) and (17) are called the Gauss equations, respectively H-Codazzi equations of the complex indicatrix.
If we choose to use the curvature tensor of (0, 4) type given by the Riemannian curvature tensor R(X, Y ; U, Z) = G R (R(X, Y )Z, U ), by applying relation (15) the Gauss equation can be rewritten as
withR(X, Y ; U, Z) the induced Riemann curvature tensor on I z M . Using in addition Theorem 2.5, the above relation becomes
Moreover, if we denote by [R(X, Y )Z]
⊥ the normal component of the curvature, the H-Codazzi equation becomes
Now, if we follow analogously steps for the curvatures R (X, Y ) N and R (X, Y ) N , we define the covariant derivative of the shape operator as
and considering the curvature form R ⊥ of the normal Finsler connection, we can apply (12) and we obtain for each X, Y ∈ Γ(T R (I z M ))
Thus, using the Gauss-Weingarten equations we obtained that:
If we separate the tangent and the normal components using G R , and keeping in mind that∇ is torsion free, we obtain
for any X, Y, Z ∈ Γ(T R (I z M )). These relations represent the A-Codazzi equations, respectively Ricci equations of the complex indicatrix.
Using (15) for the Ricci equation, we obtain that G R (R(X, Y )N, N ) = 0, and thus, R(X, Y )N has only tangent component to the complex indicatrix. Then, the A-Codazzi equation becomes
To express the Gauss-Codazzi equations in terms of tangent vectors X α to the complex indicatrix, we use
and thus, from the Gauss equation (18) and Proposition 2.3 we obtain Proposition 3.1. The Riemannian curvature tensor of the induced tangent Levi-Civita connection associated to the complex indicatrix is given bỹ
Using that by direct calculus R(X α , X β )N = 0 and (20) 
The integrability of CR-distributions from the complex indicatrix
Since each real orientable hypersurface considered on a Kähler manifold is a CR-submanifold with JD ⊥ x = T ⊥ x , we get that the anti-invariant distribution D ⊥ of the indicatrix of a complex Finsler space in a fixed point must satisfy JD ⊥ = span{N }, where N is the unit normal vector field to I z M given in (7) and J is the complex structure from (5). Then
is a real tangent unit vector on I z M , ξ =ξ, such that N = −Jξ. Let then D be the maximal J-invariant subspace of the tangent space of
Considering now that
with N and ξ = JN given in (7), respectively (22), we can take D = T R (M ), whereM is a complex hypersurface of T z M , with dim CM = n−1 and complex unit normal vector Then, we conclude that 
with a, b ∈ {1, . . . , n − 1}. Also, using conditions (23) we can easily verify
where we used N = l 
. This is confirmed by
where we applied (25), the Riemannian metric G R from (8) and the following identities obtained from the (23) relations by derivation
Here we used the notations g mk =
Pk a g mk and the observation that g mk = g km involves g ab = g ba .
Thus, we have the complex involutivity of D , which determines its complex integrability, according to Frobenius theorem. At its turn, the involutivity of D involves the involutivity of D , but it not assures the involutivity or the integrability of D.
In order to study now the real integrability of the complex indicatrix invariant distribution D, we firstly verify if the involutivity property is fulfilled, i.e. [X, Y ] ∈ Γ(D) for any X, Y ∈ D. But, by direct calculus, using again (25), (26) and the Riemannian metric G R , we can easily obtain that D is not involutive since [7] ). This condition is equivalent to G R (h(X, JY ), N ) = G R (h(JX, Y ), N ), and using that , N ) and (24), we need to verify the equality
F g jk and (26), we get that the integrability equality can not be accomplished since the left and right factors differ by a minus, as
On the other hand, according to [7] 
This condition is fulfilled for any CR-submanifold of a Kählerian manifold, hence for the complex indicatrix too, given the Kählerian connection ∇. Thus, we can state Thereby, we can introduce the Levi form which measures the deviation from the real involutivity of D. Since I z M is a real hypersurface with dim R I z M = 2n − 1, it is endowed with a CR-structure of type (n − 1, 1). Further we will particularize the results from [13] to the complex indicatrix case, regarding the Levi form determined on it. Let E υ = {ω ∈ T * υ (I z M ) : ker(ω) ⊇ D υ }, ∀υ ∈ I z M.
Then E → I z M is a line subbundle of the cotangent bundle T * (I z M ) → I z M and E T R (I z M )/D is a vector isomorphism. There exists a globally defined nowhere vanishing section ζ ∈ Γ ∞ (E), which is referred to as a pseudoHermitian structure on I z M . Now, given a pseudo-Hermitian structure ζ on I z M , the Levi form L ζ is defined by (22), we call ξ the characteristic direction of I z M . Thereby, the pseudo-Hermitian structure ζ must satisfy the properties ζ(ξ) = 1 and ι ξ dζ = 0, where ι ξ represents the interior product with ξ. Thus, on I z M we take the 1-form
for which it is easy to check that ζ(ξ) = 1. Its differential is
and it verifies dζ(ξ, Y a ) = dζ(ξ, JY a ) = dζ(ξ, ξ) = 0, so that ζ is a pseudoHermitian structure on I z M . Since dζ shows that the CR structure obtained above on I z M is nondegenerate, its Levi form is nondegenerate as well and is given by
By applying it to the tangent vectors of D = span{Y a = P j a∂j }, we get that
which is not zero, and thus it verifies once more that the real distribution D is not involutive. Also, the Levi form is positive definite and it justifies the strictly pseudoconvex property of the complex indicatrix I z M as a CR-hypersurface of the punctured holomorphic tangent bundle T z M .
